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, FDTD(Finite-Difference-Time-Domain) (1)
. 4 (FDM) 4
(SIA) (2). DRP(Dispersion-
Relation-Preserving) (3), (4,5)








(9) (10), (11), , (12)
. ,
(13).
, 3 3 (Partitioned RK) (10)
, 1) , 2) SIA




$q’(p,q)^{T}Jg’(p, q)=J$, $J=(\begin{array}{ll}0 -II 0\end{array})$ (1)
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. ,
$\dot{y}=J^{-1}\nabla H(y)$ , $y=(p,q)$ , $\nabla H(y)=H’(y)^{T}$ (2)
$\phi_{t}$ . ,







$a_{i}=b_{i}=1,$ $i=1,$ $\cdots,$ $s,$ $(q,p)^{1}=(q,p)(t),$ $(q,p)^{s+1}=(q,p)(t+h),$ $H(q,p)=$
$V(q)+A(p)$ . 3 (10)
$c_{1}+c_{2}+c’;=1$ , $d_{1}+d_{2}+d_{3}=1$ , $c_{2}d_{1}+c_{3}(d_{1}+d_{2})= \frac{1}{2}$ , (5)
$c_{2}d_{1}^{2}+c_{3}(d_{1}+d_{2})^{2}= \frac{1}{3}$ , $d_{3}+d_{2}(c_{1}+c_{2})^{2}+d_{1}c_{1}^{2}= \frac{1}{3}$ . (6)
. , (10) ( 1).
, (13) ( 2). , 3 ,
(14).
1 $A,$ $B$ . A
. A





2.2 3 3 PRK (14)
$d=d_{1}+d_{2}$ , $d_{3}=1-d$ . $d=0$ ,
. $d\neq 0$ , :
$c_{1}=1+ \frac{1}{d_{1}d}(\frac{1}{3}-\frac{d_{1}+d}{2}),$ $c_{2}= \frac{1}{d_{1}d_{2}}(\frac{d}{2}-\frac{1}{3}),$ $c_{3}=- \frac{1}{dd_{2}}(\frac{d_{1}}{2}-\frac{1}{3})$ , (7)
$( \frac{d}{2}-\frac{1}{3})^{2}=\frac{d_{1}d_{2}}{3}(d-\frac{3}{4})$ (8)
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$d_{1}\neq 0,$ $d_{2}\neq 0,$ $d \neq\frac{3}{4}$
. ,
. $e=d_{1}d_{2}$ , 2
$z^{2}-dz+e=0$ (9)
(8) , $(d_{1}, d_{2})$ .
$\mathcal{D}=d^{2}-4e\geq 0,$ $(d- \frac{3}{4})(d^{3}-\frac{15}{4}d^{2}+4d-\frac{4}{3})\geq 0$
$d< \frac{3}{4}$ or $d\geq d_{0}\simeq 2.218$ .
$(d_{1},$ $d_{2})= \frac{1}{2}(d$ $\sqrt{d^{2}-4e})$ or $(d_{1},$ $d_{2})= \frac{1}{2}(d\mp\sqrt{d^{2}-4e})$ . ‘ (10)
$A$ , $B$ . 1 $A$ ,
$B$ $d$ .
A $darrow 0$ ( ) ,
A $d\simeq O.73$ ( ), A A $d= \frac{4}{9}$ .




$\frac(-7+\sqrt{\frac{209}{2}})\frac{c_{17}}{24,121}$ $\frac{C_{2}43\frac 11}{12}$ $c_{3}- \frac{1}{24,(}\frac{1}{12}8-\sqrt{\frac{2\{)9}{\underline{9}}})$ $d_{1} \frac{2}{\frac{32}{9}}(1+\sqrt{\frac{38}{11}})$ $d_{2}- \frac{2}{(3}\frac{2}{9}1-\sqrt{\frac{38}{11}})$
$d_{3}1 \frac{\iota 1\ulcorner}{9}$
solution $B$ $- \frac{1}{12}(7+\sqrt{\frac{209}{2}})$ $\frac{11}{12}$ $\frac{1}{12}(8+\sqrt{\frac{209}{2}})$ $\frac{2}{9}(1-\sqrt{\frac{38}{11}})$ $\frac{2}{9}(1+\sqrt{\frac{38}{11}})$ $\frac{\backslash J\ulcorner}{9}$
Coefiicients of third-order symplectic timeTable 2.
intcgration method
$c_{1}$ $c_{2}$ $C_{3}$
$d_{1}$ $d_{2}$ $\ovalbox{\tt\small REJECT}$






$( \frac{1}{9y}-\frac{uJ}{2}+\sqrt{y})^{1\prime 2}-\frac{1}{3\sqrt y}$
$\frac{--0.919661_{0}^{\ulcorner}23017399857\frac{1}{1.04d}-d\lrcorner 21-d_{1}-d_{2}}{so1_{11}tionP0.260_{c}l116924199069\angle 1142798316745- 0.3544_{0}^{r}4490736651}$
0.630847692986669 -0.094142798316742 0.463295105330073
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Figure 1: Coefficients $c_{i},$ $d_{j}$ as a function of $d$ , branch A and branch $B$
3
3.1
1 , 3 3
.
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Figure 2: Stability limit (a) and the pha.se error limit (b) as a $f\iota inction$ of $d$ , for
branch A and branch $B$
$H(p, q)= \frac{1}{2}(p^{2}+\omega^{2}q^{2}),$ $\nu=\omega h$ . 1 $(i=1, \cdots, s)$ ,
, 3
$\underline{M_{l}}$







, $|\rho(M)|\leq 1$ . ,
$A,$ $B$ $\nu\leq 2.507$ ( ), $\nu\leq 2.666$ ( A), $\nu\leq 1.573$
( B) . $d$ 2(a) .
3.2
, $\rho(M)\equiv 1$
$(\rho(M)\leq 1$ $\lambda$ , tr$(M)^{2}-4\det(M)\leq 0$
, $M$ $|\lambda|=1$ . $\lambda$ $\det(M)=1$
, ). , $G=\rho(M)\equiv 1$ ,






$C_{2}= \frac{1}{2}(d_{1}(c_{\backslash }, +c_{1})d_{2}c_{2}+d_{2}(c_{1}+c_{2})d_{3}c_{3}+d_{3}(c_{2}+c_{3})d_{1}c_{1})=\frac{1}{24}$ ,
$C_{3}= \frac{1}{2}c_{1}c_{2}c_{3}d_{1}d_{2}d_{3}$
. $C_{3}$ , $A$ , $B$ $\simeq 2.03\cdot 10^{-3}$ ,
$\frac{5}{7776}(\frac{107}{2}-5\cap\frac{209}{2}\simeq 1.54\cdot 10^{-3}$ md $\frac{5}{7776}(\frac{107}{2}+5\cap\frac{209}{2}\simeq 6.73\cdot 10^{-2}$ .
$\frac{1}{6!}\simeq 1.39\cdot 10^{-3}$ , A ( $\nu$
) . , $C_{3}$ $0$
.
3.4 3 3 ( )
$d$ , A $d\simeq O.73$
$($ $2a)$ . .
$c_{i}=d_{4-i}$ , $(i=1, \cdots , 3)$ ,
.
.
A $d\simeq O.54$ , $B$ $d\simeq O.74$ $C_{3}=$
. 2(b) ,
, $A,$ $B$ .
, $(\epsilon_{i}, d_{i})arrow(d_{4-i}, c_{4-i})$ . ,
. $P$





$f_{t}+f_{x}=0$ , $f(0)= \frac{1}{2}\exp(-\ln(2)(\frac{x}{3})^{2})$ (16)
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$=400$ (15) , $=400$ $t_{F}=1000$ ,10000
. $-40\leq x\leq t_{F}+60,$ $\triangle x=1.O$ .
Figurc 3: $x’=x-ct$ . From top left, top right, $\cdots$ , to bottom right, FDTD
$(\sigma=0.7)$ , FDTD-CD6 $(\sigma=0.25)$ , RK33-Wi11iamson $(\sigma=0.5)$ , RK34-Carpenter&
Kennedy $(\sigma=1.0)$ , RK45-CK $(\sigma=1.0$ , Rutli’s metliod $(\sigma=0.7)$ , solution A
$(\sigma=1.0)$ and solution $B(\sigma=0.25)$
FDTD 6 . ,
FDTD , FDTD-CD6, 3 3 . $(RK33W)^{(16)}$ ,
4 3 (17), .
5 4 (17), , A $B$ .
, $\sigma=c\frac{\Delta t}{\Delta x}$




A $\sigma$ $E_{n}$ .
4.2 II
1
$u_{t}+p_{x}=0$ , $p_{t}+u_{x}=0$ ,
$p(x,0)= \cos(\frac{2\pi}{a})\exp[-\ln(2)(\frac{x}{b})^{2}]$ , $u(x,0)= \frac{1}{\rho_{0^{C}}}p(x,0)$
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Figure 4: Numcrical crror $E_{n}$ as a function of $\sigma$
$(a=10, b=12. \Delta x=1, \rho_{0}=1, c=1)$ $t=800$ (20)
, $arrow t=1000$ ,10000 . $(-50\leq x\leq t+50,$ $\Delta x=$
$1.0)$ .
4 3 3 , , , $A$ ,
$P$ , 6 4 LDD-RK , , (18),
(19), , , (20) . 5
, , A $P$
.
6 $E_{n}$ , 4 . LDD-RK
, , .
, ( P) ,
. A
$E_{n}$ , , (
) .
LDD-RK PRK , 3
, , . ,
(function evaluation) , 3 PRK $3(n+1)$ ,
LDD-RK46 $6n$ ( $n$ ) . PRK
LDD-RK , .
5
, 3 3 PRK
1 $)$ ,
2 $)$ SIA ( ) ,
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Trigonometric Fitting (TF) (21) . TF
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Figure 6: Numerical error $E_{n}$ at $t=1000$ and $t=10000$
$y(t_{0}+h)=e^{i\omega h}y(t_{0})$
. $2s$











Stability, dissipation crror and dispersion crror limits of thc intcgration
mctliods
Stability Dissipation Dispersion
$\frac{|G(.\nu)|\leq 11-|G(\nu)|<5\cdot 10^{-4}|\nu^{*}-\nu|\prime\pi<5\cdot 10^{-4}}{RI\langle 46- St_{C})n\csc\backslash 11.C)51.182.01}$
RK46-Berland 3.80 1.97 153
Rtith 251 251 1.14
McLachlan 4.52 $=1.52$ 134
solution A 2.67 2.67 1.41
solution $P$ 2.75 2.75 169
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